In this paper, thermonuclear burning of the deuterium-tritium (D/T) plasma of an inertial confinement fusion (ICF) target is studied in the presence of low-Z impurities (lithium, beryllium, and carbon) with arbitrary concentrations. The effect of impurities produced due to the mixing of the thermonuclear fuel with the material of the structural elements of the target during its compression on the process of target burning is studied. Also, the effect of impurity concentration on the plasma ignition parameters such as ignition temperature, confinement parameter ρR, and ignition energy are discussed. The models are constructed for an isobaric and an isochoric plasma for the case in which the burning is initiated in the central heated region of the target and then propagated into the surrounding relatively cold fuel. In ICF spherical implosions of the D/T fuel, the ignition parameters as ignition temperature and parameter ρR in the hot spot are approximately 7 -10 keV and 0.2 -0.4 g cm −2 respectively, and these values are increased by the presence of impurities.
Introduction
Laboratory-based ignition via inertial confinement fusion (ICF) [1] will be achieved by imploding a spherical capsule containing a frozen layer of deuterium and tritium (D/T) fuel on the MJ-class National Ignition Facility (NIF) [2] currently under construction at Lawrence Livermore National Laboratory. Virtually all ICF ignition target designs are based on a spherical low-Z ablator containing a solid, cryogenic D/Tfuel shell surrounding a low-density D/T vapor, or slightly below the triple point [3] . The ablator is made of low-Z chemical elements in order to maximize energy absorption of laser radiation and the resistance of the material to embrittlement in a radioactive (tritium) environment. At least three ablator designs are made of beryllium, hydrocarbon, and high density carbon [4 -7] . Also, hydrides are used as ablator materials. For the most part, these are DT hydrides of light metals [8, 9] : beryllium hydride (BeDT), lithium hydride (Li 2 DT), and composite hydrides of beryllium and lithium (Li 2 BeD 2 T 2 and Li 2 Be 2 D 3 T 3 ). In this paper, we study the ignition and burning of D/T plasma with an arbitrary concentration of impurity nuclei such as lithium, beryllium, and carbon. The problem is solved under the assumption of a uniform distribution of impurities in the D/T plasma.
Compression of spherical plasma fuel occurs via a laser pulse in the time of approximate nanosecond (ns) for the implosions with a velocity of 3 · 10 7 cm s −1 . At this ablation materials expand outward; the remaining mass is firstly accelerated toward the center of D/T the fuel, then mixed and compressed [10 -14] . Once the laser irradiation ceases, the fuel shell begins to decelerate, further compressing and heating the nuclei while the shells kinetic energy is converted to thermal energy via P dV (P and dV are presented as pressure and volume element) work. At this time, the fuel consists of a highly compressed shell enclosing a hot region of igniting fuel in the center. Initial fusion reaction begins in a hot relatively small region of thermonuclear fuel and burning will continue with wave spreading to other parts of the fuel. OMEGA Laser (The OMEGA Laser has been operational since 1995 and is one of LL'S primary research tools.) and NIF are the only facility worldwide that have been performing ignition-scaled cryogenic target implosions that are required for most ICF target designs [15, 16] . Cryogenic-D/T-target implosions using the triple-picket pulse shape have produced record areal densities of ∼ 0.3 g cm −2 , corresponding to a peak density of ∼ 250 g cm −3 [15] . This areal density is 50% higher than reported at the 2008 international atomic energy agency fusion energy conference (IAEA FEC) [17, 18] .
Rayleigh-Taylor instability (RTI) occurs whenever a fluid of density ρ 2 lies on the top of a fluid of less density ρ 1 (ρ 1 < ρ 2 ) in a gravitational field [19] . Equivalently, it happens when the lighter fluid pushes and accelerates the heavier one, such as it is the case in many experiments on high-energy density physics [20 -22] . In particular, in inertial confinement fusion, RTI is the main factor that determines the minimum energy required for achieving ignition conditions. Therefore, any method for the suppression or mitigation of the instability growth during the implosion process is of great relevance to ICF [23] . The ablator material can penetrate not only into the peripheral regions of the D/T fuel near its boundary with the ablator. The impurities can be distributed over the entire D/T plasma, first, due to diffusion and, second, due to the mixing of the inner and peripheral layers of the fuel [24] .
In this research, dependence of ignition and burning of D/T plasma on the impurity concentration such as lithium ( 7 3 Li), beryllium ( 9 4 Be), and carbon ( 12 6 C) are presented analytically. For this purpose, in Section 2, the effect of low-Z impurities on the ignition of ICF targets are presented (how the ignition conditions of isobaric and isochoric ICF targets depend on the concentrations of impurities in an equimolar D/T fuel). In Section 3, we calculate the fuel gain for these targets as functions of the impurity concentration. Finally, conclusions are presented in Section 4.
Effect of Low-Z Impurities on the Ignition of ICF Targets
For the ignitor being a fully ionized homogeneous equilibrium (T e = T i = T ) spherical plasma containing deuterium and tritium nuclei with equal atomic fractions x f and different sorts of inactive nuclei with atomic fractions x j , we have
For the ignition regime, the heat power density deposited by the fusion products must be greater than the power densities lost by plasma thermal radiation (W r ), the work of the pressure force (W m ), and electron heat conduction (W e ):
The heating rate of the plasma is determined by the rate of D/T reaction and the energy transferred to the plasma by α-particles (W α ) and neutrons (W n ):
where ε α = 3.5 MeV and ε n = 14.1 MeV are the initial energies of α-particles and neutrons, respectively. f α and f n are the energy fractions transferred to the plasma by α-particles and neutrons. σ v is the fusion reaction rate averaged over the Maxwellian distribution. n D and n T are the number densities of deuterium and tritium nuclei,
where n and ρ are the plasma number and the mass densities, respectively. m n is the mass of a neutron, and A is the average number of nucleons per plasma nucleus,
In the D/T reaction, 80% of the D/T fusion power is associated with neutrons and the remaining 20% is associated with the α-particles. In this case, the fusion power deposited W f in the plasma given in (3) can be written as
We now discuss separately the interaction of α-particles and neutrons with the hot plasma and suggest approximate expressions for f α and f n . Here, we use a simple approximate expression for quantities characterizing this process in a D/T plasma at temperatures below 30 keV. The energy of α-particles is almost entirely transferred to the hot ignitor plasma via Coulomb collisions with electrons. The fraction of α-particle energy deposited inside the considered hot homogeneous sphere of radius R is given as [25] 
where λ α = 8.4 · 10 −3 (A T 3/2 /Z ρ) (cm) is the mean free path, and Z is the average number of electrons per plasma nucleus:
The neutrons released in D/T reactions interact primarily by elastic collisions with plasma nuclei because the elastic scattering cross section of neutrons by low-Z nuclei is substantially higher than the inelastic scattering [1] . The average neutron particles' energy fraction deposited inside the considered hot homogeneous sphere of radius R can be expressed as
The mean scattering probability ψ i is the ratio of the average distance L i of the neutrons to path length λ ni before an elastic collision with a nucleus of ith kind:
where σ ni is the elastic cross section of neutrons with the ith nucleus. The cross sections for elastic scattering of 14.1 MeV neutrons by light nuclei (including the hydrogen isotopes) and the impurity nuclei under study are close to one another and lie within a relatively narrow range of (0.8 -1) barn [26] . Then (9) can be written as
In the absence of impurities (x j = 0) f n = 0.056ρR, and the parameter ρR is valid up to ρR > 6 g cm −2 . In the D/T plasma, ρλ ni 4.7 g cm −2 . This is much larger than the ρR of a typical igniting hot spot while it can be comparable to the total fuel ρR. We therefore neglect the neutron energy deposition for central ignition. In the presence of impurities, an increase of the neutron path length leads to a decrease in the energy fraction f n (Fig. 1) . The term W r , corresponding to energy losses for plasma self radiation in criterion (2), is described by the well-known expression for the emissivity of a fully ionized plasma [27] :
and
where K B , h, c, and (Z 2 ) * are the Boltzmann constant, the Planck constant, speed of light, and mean squared charge number, respectively. The hot fuel sphere also exchanges energy with the plasma environment through mechanical work. The mechanical work performed by a lump of matter at pressure P, the volume of which changes by an amount dV , is dE = P dV .
The corresponding contribution to the power balance of a homogeneous sphere can be written as
where u = β v s is the velocity of the surface of the sphere expressed via the speed of sound v s = ( P ρ ) 1/2 . Now making use of the ideal-gas equation of state, P = Γ B ρT , where Γ B is the gas constant:
C V is the specific heat capacity with γ = 
Then the mechanical work can be rewritten as
where β = 0 [28, 29] for a hot plasma with an isobaric distribution, and β = [ [30] with an isochoric distribution. The loss-power related to electron heat conduction is described by [28] 
where x and ∇T are the electron conductivity and the gradient of the electron temperature on the surface of the hot region, respectively. Substituting (6), (12) , (17) , and (18) in (2), the ignition condition for a D/T plasma containing impurities can be obtained as
where
The factors x f , x r , x m , and x e determine the effect of impurities on fusion reaction rate and the rates of energy losses related to self-radiation, mechanical work, and heat conduction, respectively. In absence of impurities (x j = 0), the above factors are equal to one. A negative effect of impurities on ignition process is related to a decrease in fusion reaction rate and an increase in the rate of energy losses for plasma self-radiation. This effect is substantially stronger than the weak positive effect related to a decrease in the energy lost for matter acceleration and electron heat conduction. The minimum ignition temperature can be obtained from (19) for any type of target by equating the rates of thermonuclear heating and radiative energy losses and assuming that f n = f α = 1 as 2 5 keV .
For a pure D/T plasma, the minimum ignition temperature is 3.7 keV. Lithium, beryllium, and carbon impurities with an atomic fraction of 10% increase the value of T ig min to 4.6, 5.1, and 6.3 keV, respectively (see Fig. 2 ). The limiting concentration is determined by the equation W f = W r at the plasma temperature of 60 keV at which the fusion reaction rate reaches its maximum value of σ v 9 · 10 −16 (cm 3 s −1 ) and f α = f n = 1. These limiting concentrations of lithium, beryllium, and carbon atoms are 68%, 58%, and 42.5%, respectively.
Impurity concentration x Minimum ignition temperature T ig (min) (keV) Fig. 2 (colour online) . Minimum ignition temperature for D/T plasma including impurities Li, Be, and C, in terms of impurities concentration.
Ignition occurs when the alpha-particle heating of the hot spot exceeds all the energy losses [31] . 10 keV for an isochoric target (β = 0.87). Also for the 10% impurity concentration of lithium, we have (ρR) min ig = 0.34 g cm −2 at T ig = 9.5 keV for an isobaric target and (ρR) min ig = 0.564 g cm −2 at T ig = 13 keV for an isochoric target. These figures show that minimum ignition temperature and (ρR) min ig increase with increasing impurity concentration for all types of targets.
The ignition energy depends on the ignition parameter ρR and the ignition temperature T ig as
Therefore, the minimum ignition energy corresponds to the minimum value of the parameter ρR in the ignition curve (ρR) ig − T ig . For β = 0 and T ig = 10 keV (an isobaric target), the minimum ignition energy can be rewritten as
Also for β = 0.87 and T ig = 15 keV (an isochoric target), we have Figure 4 shows the dependence of the ignition energy on impurity concentration in isobaric and isochoric targets.
Effect of Low-Z Impurities on Fuel Gain
The fuel gain of a homogeneous plasma with inactive impurities is defined as the ratio of the energy generated to total fuel energy (hot spot + cold fuel):
where ε r = 17.6 MeV is the energy released in one fusion reaction, N DT is the total number of coupled nuclei of D/T, and the burn efficiency φ is defined as the ratio between the number of D/T nuclei involved in the fusion reaction to their initial number:
The time dependent number density can be obtained during fusion reaction as
where the effective confinement time t c is only one fourth of t conf = R v s . The burn efficiency can be shown as
With the burn parameter
m f = 2.5m n is the average mass of a D/T plasma nucleus with equal molar concentration. In the low-burn limit ρR H B , the burning efficiency is φ ≈ ρR H B , and also in the limit of full burn ρR H B , the burning efficiency is φ ≈ 1. The burn parameter is H B = 6.4 g cm −2 for the burning efficiency (20 ≤ T ≤ 25 keV) of a pure D/T plasma. Then the burning efficiency will be
Presenting impurities in the fuel:
At temperatures between (20 -25) keV:
Assuming that the burning occurs at temperatures higher than 20 keV, then an increase in the impurity concentration leads to a decrease in the temperature of the burning plasma, and the critical value at which the mean temperature of the burning plasma decreases to 20 keV is determined. The critical concentration of impurities as lithium, beryllium, and carbon at 20 keV temperature are 43%, 37%, and 31%, respectively. For a typical impurity by a concentration lower than the critical, the burning efficiency obtained is
(33) For a concentration higher than the critical:
Impurity concentration x Figure 5 shows the burning efficiency of a homogeneous plasma with the parameter ρR = 3 g cm −2 as a function of the atomic fraction of low-Z impurities, calculated using formulas (33) and (34). Also, it is assumed that the burning of a homogeneous plasma can be performed with the parameter ρ DT R = 3 g cm −2 and the initial temperature 15 keV. The burning efficiency will slightly increase by increasing the impurity concentration at the range of 0 ≤ x ≤ x cr , which is related to an increase in the plasma confinement time. At the range of x > x cr , the burning efficiency rapidly decreases due to a decrease in burning temperature. The fuel gain can be obtained by substituting (33) in (25) Also, for the range of x > x cr , the fuel gain can be obtained by substituting (34) in (25) . The fuel gain of a homogeneous D/T plasma in terms of impurity concentrations such as lithium, beryllium, and carbon are shown in Figure 6 . It is apparent that the fuel gain is dependent on the atomic fraction and the type of impurities. Also, at the critical impurity concentrations, the fuel gain is nearly half as compared to that in a pure D/T plasma.
Burning efficiency

Conclusion
According to above discussions, the presence of low-Z impurities in the D/T plasma fuel of an ICF target cause substantial changes in ignition parameters. The negative effects of impurities in the D/T plasma burning are a decrease in fuel gain and an increase in target ignition energy due to a decrease in fusion reaction rate and an increase in radiation energy loss. In the presence of a 10% impurity of lithium, the fuel gain decreases about 25% and the ignition energy increases almost 2.1 times. By increasing the concentration of impurities, the values of the parameter ρR and ignition temperature required to substantiate ignition increases. For 10% of lithium and beryllium impurities, the minimum value of the parameter ρR and pure D/T increases fuel about 1.5 and 1.8 times, respectively. If the concentration of impurities in the D/T plasma is higher than a critical fraction, the burning efficiency and gain decreases suddenly.
